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Abstract — This paper reports on an application of large-eddy simulation (LES) to a spatially-developing round turbulent buoyant jet. The numerical
method used is based on a low-Mach-number version of the governing equations for compressible flow which can account for density variations. The
second-order centre-difference scheme is used for spatial discretization and an Adams—Bashforth scheme for temporal discretization s@oenparison
made between LES results, experimental measurements and plume theory for the forced plume under moderate Reynolds number and good agreement
has been achieved. It is found that the plume spreading and the centerline maximum mean velocity strongly depend on the forcing conditions imposed
on the inflow plane. The helical mode of instability leads to a larger spreading rate as compared to an axisymmetric mode. The enhanced entrainment
is directly related to the strong turbulent momentum and energy transports between the plume and surrounding fluid induced by vortex dynamics. The
entrainment ratio is about 0.09 and falls into the range of experimentally determined values. Budgets of the mean momentum and energy equations
are analyzed. It is found that the radial turbulent transport nearly balances the streamwise convection and the buoyancy force in the axial momentum
equation. Also, the radial turbulent stress is balanced by the streamwise convection in the energy equation. The energy-spectrum for thigyaxial veloc
fluctuations shows &5/3 power law of the Kolmogorov decay, while the power spectrum for the temperature fluctuations show$ f®#nd—3

power laws in the inertial-convective and inertial-diffusive ranges, respectied01 Editions scientifiques et médicales Elsevier SAS

LES/ buoyancy / turbulent plume

1. Introduction

Buoyant jets and plumes are of great interest due to their effect on mixing and entrainment. Plumes “arise
when buoyancy is supplied steadily and the buoyant region is continuous between the source and the level of
interest” (Turner [1]). The main difference between a jet and plume is that a jet is momentum-driven whilst a
plume is buoyancy-dominated. A so-called forced plume is a kind of flow between a pure jet and a pure plume
and it is driven by both buoyancy and momentum by discharging light fluid into the atmosphere. Hereafter,
when we refer to a plume we in fact mean a forced turbulent plume and this is the subject of this paper. In most
plume experiments without chemical reaction, fluid either of high temperature or of low density is injected into
the ambient air. Both of these can result in density inhomogeneity which can produce different phenomena
from that of constant-density jets. Forced jets and plumes are common in many aspects such as: transition
from laminar to turbulent state in the near-field, self-similarity in the far-field, air entrainment identified by the
engulfing of ambient fluid by the large eddies and jet spreading, etc. The basic spatial and temporal features of
the plume are controlled by dynamics similar to cold jets. The large amount of existing work for pure jets (Urbin
and Metais [2]; Crow and Champagne [3]; Yuan et al. [4]) can therefore be of great benefit to the understanding
of plumes.
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Large-eddy simulation (LES) has been applied to many fluid flows but most of these have been limited
to those with uniform-density. Very little work has, however, been carried out for thermal buoyant jets. To
the author’'s knowledge, large eddy simulations of spatially evolving free plumes are still rare especially when
compared with available experimental data and plume theory. Nam and Bill [5] used a mbdifigdrbulence
model to simulate thermal plumes and obtained good agreement with experimental data. However, this kind of
traditional method cannot give a clear picture of detailed fluctuating flow. LES has the advantage that its solution
is less model-dependent and that it can show instantaneous large-scale structures as well as providing statistics.
In LES, the large eddies are resolved numerically while the fine-scale eddies are modeled by a subgrid scale
(SGS) model. The feature of capturing large-scale motions in LES is of great value to practical applications
such as thermal plumes. Although direct numerical simulation (DNS) has the advantage of being more accurate
than LES, LES is, unlike DNS, not restricted to low Reynolds humbers.

One of the more practical uses of LES is to predict the transition and subsequent turbulent mixing (or
spreading) process that occurs in spatially developing flows. As is well known, a free jet is subject to
Kelvin—Helmholtz instability which, in turn, means that the flow is unstable to small exponentially growing
disturbances and many linear instability analyses have confirmed this growth (Michalke [6]; Luo and Sandham
[7]). The thin shear layer in a free jet with an initially top-hat profile undergoes several stages of development:
Kelvin—Helmholtz instability followed by the rolling up of vortices, pairing and merging processes and the
breakdown of the potential core with the advent of spreading by the secondary three-dimensional instability
mechanism. Grinstein and DeVore [8] showed a transition to turbulence in free square jets characterized
by the dynamics of vortex rings and braid vortices and observed a larger entrainment rate to those found
in round jets. Zaman [9] analyzed the influence of jet geometry on the characteristics of spreading from
subsonic to supersonic flow. They observed a substantial increase of jet spreading when tabs were inserted
at the nozzle which induced streamwise vortex pairs. Vortex dynamics are also expected to be important in
the control of plume instability, transition from the momentum to buoyancy dominated region and even the
plume development further downstream. It should be noted that vortex stretching (which cannot be captured
by a two-dimensional numerical simulation of a jet) is vital in maintaining high levels of fluctuating vorticity,

a major characteristic of rotational three-dimensional turbulent flows (Tennekes and Lumley [10]).

According to the experiments by George et al. [11] and Shabbir and George [12], the plume achieves its
turbulent state within two diameters. Other investigators, however, in conducting LES or DNS of jets (Urbin
and Metais [2]; Boersma et al. [13]), have shown that the length of the potential core lies between 5-8 jet
diameters if white noise is imposed on the jets. There are several ways to achieve an earlier spatial development
of turbulence. A survey of free jets shows that the evolution of an azimuthal instability mode can lead to
an earlier breakdown and transition from laminar to turbulence. Menon and Rizk [14] unlike others, used a
parabolic profile to trigger a jet preferred mode of instability and bypass the natural shear layer instability to
obtain an earlier breakdown. Higher forcing of perturbations can also reduce the length of the laminar zone.
We, therefore, adopted a higher level of forcing in combination with an azimuthal mode of instability at the
inlet in order to get consistent results with experiment ([11,12]).

Plume theory (Turner [1]) which was developed from experimental and theoretical work, has existed for
several decades but has been recently modified by many researchers (Rooney and Linden [15]; Woods [16]).
The basic ideas involved in plume theory are: the Boussinesq approximation, the similarity and entrainment
assumptions. The entrainment assumption, which is less often used as compared to the other two assumptions,
is to obtain the entrainment ratio by integrating the simplified Navier—-Stokes governing equations (mass,
momentum and energy) in terms of top-hat variables. The similarity assumption assumes that a plume spreads
linearly with height and that the mean flux across the edge of the plutndas proportional to the local
vertical velocity (%). More recently, Rooney and Linden [15] and Woods [16] modified the similarity form
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for non-Boussinesq plumes. It was found from plume theory and experimental data that the parameter which
characterized these flows was the entrainment ratio having a value of about 0.1.

Most of the experimental and theoretical work on plumes has been concentrated on the far-field self-similar
region (Dai et al. [17]; List [18]). Dai et al. [17] carried out an experimental study of fully developed turbulent
plumes extending far from the source (e.g. up to 150 source diameters). According to their observation,
the self-similar region can only be achieved after about 80 diameters. They found that the temporal spectra
exhibit the well-known—5/3 and—3/1 power laws in agreement with the findings by Noto et al. [19] and
Papanicolaou and List [20]. George et al. [11] and Shabbir and George [12], on the other hand, presented
detailed experimental statistics up to third-order for round buoyant plumes with hot air as the fluid medium.
Their measured positions lay in the range of 8-25 diameters from the inlet and provide good data to compare
with our LES results obtained with a computational domain that does not require excessively high CPU hours.

The objective of this paper is to simulate a turbulent plume using LES aimed at obtaining a more complete
picture and clearer physical understanding of the plume from the near-field laminar region to the far-field
turbulent mixing region; something that has not been addressed in most plume experiments and the plume
theory. This paper is divided into three parts. In the first part, the governing equations for 3D low-Mach-
number variable-density flows are discussed briefly together with a subgrid scale model for LES. Secondly,
the numerical scheme and solution procedure are given. In the last part we investigate the numerical results
of the forced plume together with detailed discussions. The plume dynamics are analyzed from different
aspects, e.g. transition processes, self-similarity and budgets. Numerical results are compared with the available
experimental work of George et al. [11], Shabbir and George [12] and the plume theory mentioned above.

2. Governing equations and closure model

The present paper adopts a projection method for low-Mach-number weakly compressible flows. The
variable-density characteristics can be accounted for in the present LES of buoyant jets without a Boussinesq
approximation. The 3D filtered continuity, momentum and energy conservation equations in Cartesian
coordinates are as follows:
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where the Einstein convention of summation over repeated indices is adppted:, are the molecular
viscosity, thermal conductivity and specific heat.= pu,/5 andh = ph/p are Favre-filtered velocity and
enthalpy,p, is the density of ambient air anef¥ is the hydrodynamic pressure. The density comes from the
state equation of ideal gag® = pRT, where the zeroth-order thermodynamic presspf®, is used and is
equal to the atmospheric pressure. The gravitational force {grnis included to account for the buoyancy
effect and is usually added along the negative vertical directign= pu;u; — pu;u; is the subgrid scale

Reynolds stressQ; = pu,h — pii ;i the subgrid scale heat flux amfj = — 2,255, + (2% + 31) the
J i
molecular strain rate tensor. The unknown SGS correlatipand Q;; require closure models. The present

large-eddy simulation implicitly applies a box filter in each direction.
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The subgrid terms representing the cascade of energy from the large to the small scales are modeled based
on the assumption that the small scales are universal and contain only a small amount of energy. The non-
resolvable small scale turbulence can be represented by a subgrid model, e.g. Smagorinsky, similarity, gradient
and dynamic models. The standard Smagorinsky SGS model is still the most widely used and is adopted here.
The modeled subgrid stress tensgrtakes the form as follows based on the eddy-viscosity approach:

Tij =Pl — i) = — 10 Sij (4)
wherey, is the eddy viscosityj, = 5121'[%/2, wherelly = 15,5}, Si; = (% + %) — %%SU. The subgrid
length! is assumed to be proportional to the filter widthwhich is then related to the grid spacings in three

dimensions:
[ =CsA=Ci(AxAyAz)Y3, (5)
The subgrid scale model for the turbulent thermal energy @luxs as follows,

— 7 ~ 7 He 8;1
Qj:p(ujh_ujh):_Prea_xj' (6)

The most commonly used standard Smagorinsky constant 0.1 and the turbulent Prandtl number
Pr, = 0.3 are applied here.

3. Numerical scheme

Variables are discretized using a staggered grid with uniform cell size in a 3D rectangular domain. Velocity
components are specified at cell faces, while the scalar variables such as enthalpy, temperature and density
are located at cell centers. A second-order Adams—Bashforth time integration scheme is used to advance the
velocity and scalar fields and a second-order central difference scheme is used for the space discretization in
Cartesian coordinates. A projection method (Najm et al. [21]) is used to couple the momentum and continuity
equations and the resulting Poisson equation is solved by a multi-grid method.

The discrete scheme for the convective terms needs some special treatment for the energy equation. For
example, the convective term in a cell center alandirection is expressed as the quantities at cell fages *
and ‘e’ (the overline and tilde are ignored)

d(puh) . 1 oh oh
el = 2[<pu>eax w0, J, @)
instead of
a(ﬂuh) — (puh)e - (puh)w (8)
0x | Ax '

The former gives a more stable solution, because the continuity equation is implicitly applied.

The governing equations (1)—(3) must be supplemented by initial and boundary conditions. At the inflow all
variables are known including velocities (or mass fluxes) and temperature (or enthalpy). The vertical velocity,
u, is specified as a function of radial position while the other two velocity compongnits,are small random
numbers. Although the use of rectangular grid for the circular jet may cause some stepped edges around the jet
boundary, especially close to the plume source, the effect is considered to be negligible. Note that this kind of
treatment has also been successfully used in other LES applications (Urbin and Metais [2]; Olsson and Fuchs
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[22]). At the lateral boundary, a pressure boundary condition is used, whereby the pressure is kept constant
and the mass fluxes are calculated through the continuity equation. Thus ambient fluid can enter into the plume
through the normal direction. This kind of boundary condition works quite well as the ‘traction-free’ boundary
condition used by Boersma et al. [13]. If a free-slip boundary condition is applied, no entrainment is possible
and the structures of the streamlines are greatly changed (see Fig. 3(a) of Boersma et al. [13]). A free buoyant
jet is numerically unstable at the outflow boundary. In a compressible flow, one can use arguments about
characteristics and the direction of propagation of information to design non-reflecting boundary conditions.
However, in an incompressible or low-Mach-number flow this is not possible. A higher co-flow velocity can be
employed to ensure stability, but it is found that the length of potential core and the spreading rate are strongly
affected by the co-flow velocity in a plume. For the present study, a zero-velocity-gradient condition is applied
at the outflow boundary and, in addition, we keep the velocity positive at the outlet to ensure a stable solution
as reverse flow can cause numerical instability. This kind of boundary condition has only a small influence on
the domain next to the outflow boundary.

4, Resultsand discussion

A simulation has been carried out of a vertical round jet with heated air as the injection fluid. The jet axis
is aligned with the gravity vector and is subjected to a positive buoyancy force. The heat source diameter
is 6.35 cm, the exit mean velocity/y is 0.98 m/s, the inflow temperaturg, is 568 K and the ambient air
temperaturel, is 300 K. The corresponding Reynolds number is 1273, based on the inflow mean velocity,
viscosity and diameter. The inflow conditions are taken to be the same as in the experiment of Shabbir and
George [12]. Unless indicated otherwise, the experimental data to be compared with refer to that obtained by
George et al. [11]. The computational grid is composed of 23&8 x 128 cells in a box of size 1& 8 x 8
diameters (grid I). Another domain of box of sizex& x 4 diameters (grid Il) with the same grids as above was
used to check the effect of numerical resolution on the plume dynamics. The coarse grid (1) is mainly used to get
statistical results extending to a relatively fully-developed region. The time step was set to 0.00025 (s) at grid
| in order to keep the Courant number less than 0.2. The numerical method outlined above was implemented
on a Cray-T3E massively parallel computer using 64 processors. The computational domain was divided into
64 blocks with each one running on an individual processor. The total computation time normalibed/py
was about 100 and, typically, about 4000 PE hours were required for each simulation.

The source buoyancy and specific momentum per second are defined as

00 AT uT’ 00
F0=27rg/ (UT+MT )rdr, Mo:27r/ U?rdr, 9
0 0

wherer is the radius.
The Morten length scale is defined as:
Lu =M/ Fy”, (10)
which is a characteristic length scale measuring the degree of jet-like or plume-like behavior. The flow
parameters at the plume source are listetiobe 1.

Table|. Flow parameters at the inlet.

v
pUgD Ya

Dm)  T,(K) To(K) Ug(mis) Fo(m¥s®)  Mo(m*s?)  Re= L8 Fr=2p

0.0635 300 568 0.98 0.0127 0.003 1273 154
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4.1. Transition to turbulence

A top-hat velocity profile was used at the inflow plane and is given as follows (Michalke [6]):
Uo(l’) =05U0 [1—tanh[b2(2r/D — D/(ZI’))H, (11)
whereb, = O.25R%/9 andR%/e is set to 25.

A free plume can undergo transition from laminar to turbulence with an abrupt breakdown of the potential
core due to the growth of disturbances. As is well known, the length of the potential core strongly depends
on the disturbances added at the inlet. In this study, an azimuthal disturbance combined with a high level of
forcing is employed in order to get consistent results to that of Shabbir and George [12] who showed that the
plume became turbulent at a very short distance from the exit.

To excite the flow the fluctuating axial velocity at the inflow plane takes the following form (Menon and Rizk
[14])

N
u' = AUo(r)>_sin2rft/n+06), (12)

n=1
where A is the amplitude of forcing and’ is the number of modes (set to 6). Therefore the fluctuating axial
velocity is specified as a function of time,and polar azimuthal anglé, The frequencyf is determined by
the jet preferred mode corresponding to a Strouhal number of 0.3 A4t axisymmetric forcing is imposed,
otherwise it is of azimuthal forcing. Here a relatively high level of disturbance is imposed with an amplitude
of 20% of the mean velocity. The other two velocity components are forced with a smaller amplitude of the
mean axial velocity (@1Uy). It should be noted that although a relatively high level of forcing is applied, the
transition from laminar to turbulent flow cannot be bypassed totally by the present LES (as will become evident
from the following results).

Figure 1(a)shows the energy-spectrum for the buoyant jet based on the temporal axial velocity fluctuations
(taken over 20 forcing periods) ay D = 4 along the centerline. It can be seen that the inertial range obeys
the —5/3 Kolmogorov power law. Irfigure 1(b)the spectrum for the temperature fluctuations initially shows a
similar trend in the so-called inertial-convective region and this is then followed by a region where the spectrum
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Figure 1. Temporal power spectrum based on: (a) the centerline velocity, and (b) the centerline tempenagtire-at.
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Y
(b)

Figure 2. Instantaneous three-dimensional snapshot of (a) vorticity magnituge(Q;6), and (b) hydrodynamic pressutg = 0.024), in the plume
with azimuthal forcing with grid I.

decays more rapidly with a3 power decay law. This is a special feature of buoyant jet flows and expected
for the inertial-diffusive subrange suggested by List [18] and Kotsovinos [23]. It is evident, therefore, that
buoyancy has a strong effect on the turbulence spectrum. It has also been experimentally observed by Dai et
al. [17] and Noto et al. [19] in highly buoyant flows. Kotsovinos [23] argued that the ‘jump’ frByi3 to —3
subrange was a result of stronger energy feeding due to large plume vortices driven by buoyancy force.

As indicated by Yuan et al. [4], examination of vorticity and pressure can provide a more complete picture of
large-scale structures of the flow fieligure 2(a)shows an instantaneous three-dimensional iso-surface with
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Figure 3. Instantaneous streamwise vorticity contourd @tplane atc/D =: (a) 4; (b) 8; (c) 12; (d) 16 in the plume with azimuthal forcing.

a total vorticityw = | /w? + w% + w? = 0.6 and a snapshot of the iso-surface of pressure with a magnitude of

p =0.024 is shown irfigure 2(b) After a short potential core the large-scale vortices spiral along the plume
axis and the small vortices dominate downstream after the breakdown. The spiral and helical mode of plume
behaviour can be easily identified in the hydrodynamic pressure field and the spatial evolution can be clearly
observed downstream as the plume spreads by entraining mass from the surrounding nonvortical fluid. This is
a direct consequence of the entrainment and mixing mechanisms due to the nonlinear interactions of different
scales of eddies. More discussions will be given on the issues of entrainment and spreading in the following
sections.

Figure 3(a)—(d)displays the snapshots of streamwise vorticity at 2, 6, 10 and 14 diameters acriss-the
plane for the LES with azimuthal forcing, and the corresponding figures for the LES with axisymmetric
forcing are shown irfigure 4(a)—(d) It can be seen that the flow structure develops slowly from a round
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Figure 4. Instantaneous streamwise vorticity contourd dtplane atx/D =: (a) 4; (b) 8; (c) 12; (d) 16 in the plume with axisymmetric forcing.
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ring to an asymmetrical mode for the axisymmetric forcing case. However, with azimuthal forcing, the strong
asymmetrical mode of streamwise vorticity grows very rapidly and the plume spreads much earlier than by
using axisymmetric mode perturbations. Plottefigare 5(a), (b)are the instantaneous azimuthal vorticity and
temperature contours in the cenXé& -plane for grid 1l with azimuthal forcing. These figures depict the vortex
sheet rolling-up, vortex stretching and the breakdown to turbulence. The laminar flow continues to dominate
the near-field region until the end of potential core, although a helical mode of high lever of perturbations is
imposed on the inflow. The flow field looks rather random and loses completely its initial flow characteristics
instantaneously further downstream of the plume where it is mainly composed of small eddies. It should be
mentioned that some coherent structures which contain many small-scale eddies also exist in the turbulent
region. It can also be seen that there exist gaps within the plume which are probably an important mechanism
for the entrainment of outer irrotational fluid by the buoyant jet. In the next section it will be shown how a
steady state flow field can be obtained by taking samples statistically.

4.2. Statistics

The averaged quantities have been taken over 20 forcing cycles after the initial transients have been swept
out of the domain and the flow has reached a statistically steady state.

The LES centerline mean axial velocity distributions with axisymmetric and azimuthal forcings, compared
with the experimental measurements of Shabbir and George [12], are pldfiguatén6(a) In the self-similarity
plume-like region, the experimental centerline distributions of the mean axial velocity and temperature follow
the relationships:

U.=34x"BF3  T,)T.=1-94x53F%4. (13)

It can be seen that the centerline mean velocity and temperature are power functions ofd)ésghirjth
different power law. With azimuthal forcing the LES centerline velocity increases rapidly from its initial value
to a maximum of around 1.7 times the inflow mean velocity but subsequently decreases rapidly to lower values
less than the inflow velocity after about 6 diameters. The initial acceleration of axial velocity is due to the
buoyancy acceleration and has also been observed by Lingens et al. [24] who experimentally investigated
buoyant jet diffusion flames and by Huang et al. [25] in their experimental work on a plane jet when excited
with a varicose mode of instability{ = 0). The underlying physical mechanism is that the positive body force
(0, — p)g constitutes a major part to the mean flow in the near-field region of the present buoyant jet. The
rapid decrease of velocity downstream is caused by turbulent mixing with the surrounding fluid. By comparing
different initial conditions, one with azimuthal disturbances and the other with axisymmetric disturbances, it
can be seen that the helical mode can lead to an earlier and faster decay of centerline velocity with a lower
maximum value than the axisymmetric one. Note that a faster decay of centerline velocity implies a larger
plume spreading. The LES results with azimuthal forcing are in quite good agreement with experiment and the
poorer agreement between the results by the LES with axisymmetric mode and experiment suggests that the
azimuthal instability is the dominant mode.

Figure 6(b)shows the centreline distributions of the mean temperdtuabtained by LES compared to the
experimental decay law obeyingTp/ T, = 1— 9.4x_5/3F02/3/g (George et al. [11]). The mean temperature for
the LES results decreases rapidly beyond the end of potential core until the plume-like behaviour is achieved
where the decay law is in proportionto°/3 obtained from experiment. A larger potential core can be observed
in the LES results with axisymmetric forcing than those with azimuthal forcing. Again, better agreement with
the experimental results can be achieved with azimuthal mode rather than with axisymmetric mode forcing, in
the plume-like region. The mean temperature is slightly higher than the ambient temperature (300 K) in the
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Figure 6. Centerline mean (a) axial velocity, and (b) temperature profiles with azimuthal and axisymmetric forcings.
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Figure 7. Centerline mean axial velocity profiles by LES and experiment.

plume-like region, especially for the azimuthal forcing, which is caused by strong turbulent mixing with the
surrounding air and consequent dilution.

The centerline values of the non-dimensionalized mean velogity ./M, as a function of non-dimensional
vertical distancé& = x /L, are plotted irfigure 7for the LES results with azimuthal forcing. The experimental
distribution of 34£%/2 as a function of is shown by the dotted line on the same graph and it can be seen that
the agreement between LES and experiment is quite satisfactory. It can be seen that the transition from jet to
plume-like behavior occurs at abaut= 3 by the LES.

In a homogeneous environment the buoyant jet eventually becomes plume-like far away from the jet origin
even when a large initial momentum flux is added at the source. Gebhart et al. [26] indicated that three regions
existed in a forced plume: (1) non-buoyant region near the discharge where the momentum dominates the flow;
(2) intermediate region where the influences of the initial momentum forces become weak; and (3) a plume-
like region where buoyancy forces dominate the flow. However, the LES results show that there exists another
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temperature.

region from the plume exit to the jet-like region where buoyancy acceleration dominates: a phenomenon has
not been mentioned by Gebhart et al. [26].

Figure 8(a)shows LES results of the axial variations of the half-width of velocity (i.e. where the mean axial
velocity is half its local centerline value) with axisymmetric and azimuthal forcings. The azimuthal forcing
results in a larger spreading rate than the axisymmetric forcing and the plume shows a linear spreading in the
zone of established flowrigure 8(b) shows that the half-width of velocity is wider than the half-width for
temperature (defined as where the excess mean temperature to the ambient is half the temperature difference
between centerline and ambient) in the far-field. This means that the velocity field in a round plume spreads
faster than the temperature field and is consistent with the experimental observation of George et al. [11].
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The centerline r.m.s. of velocity and temperature normalized by the mean velocity and temperature difference
between the local and ambient valuesi{= T — T,) are shown irfigure 9(a) It should be mentioned that, the
implemented outflow boundary condition does affect the higher-order statistics near the outflow boundary, but
these are only limited to a small part. Note that at the inflow plane the r.m.s. of velocity is 20% and corresponds
to the disturbance level imposed at the inlet. In the potential core region, the r.m.s. velocity and temperature
decrease with increasing axial distance which shows a tendency to recover to laminar flow with low turbulence
intensities. Beyond the end of the potential core, the fluctuations of velocity and temperature at the centerline
increase very rapidly to maximum values but subsequently decrease rapidly to reach nearly constant levels
downstream. As can be seen in these figures, the plume goes through a transition accompanied by higher
turbulence intensities than the eventual self-similar values downstream of the plume. Crow and Champagne [3]
also indicated the same trend in their investigations of isothermal jet under a forcing at a Strouhal number
of 0.3. When comparing the centerline profiles of mean velocity and turbulence intensifigsiran 3 and
figure 9(a) it can be seen that the first-order mean values reach self-similarity earlier than the second-order
turbulent statistics. The velocity-temperature correlation defined By ((u')(T’)) at the centerline is shown
in figure 9(b) It is clear that the temperature and velocity fields are strongly coupled in a buoyancy-dominated
flow. As can be seen froiriigure 9(a)and(b) that the r.m.s. axial velocity, r.m.s. temperature and the velocity-
temperature correlation coefficients reach nearly-constant values in the downstream self-similar region and are
very close to the experiment of George et al. [11], who reported the following quantitiés*/2/AT = 0.4,
w?)Y?/U =0.28, T’/ (u'?)Y?(T'2)*/?) = 0.6-0.7. The contribution to the heat flux by the turbulence can
be examined across the plume by the ratidlef/ (Hr + Hy,), whereHy, Hy, are the heat fluxes generated by
the mean and turbulence, respectively:

HM=/ UT2xrdr, HT=/ w'T'2mr dr. (14)
0 0

In figure 10the ratio of Hy /(Hr + Hy,) at the axial location ofc/D = 12 is plotted and it shows that the
percentage of the heat flux carried by the turbulence is about 20%.

In order to investigate the influence of grid resolution, we carried out another set of calculations (grid I1) at
one half of the above (grid 1) grid spacing in all three directidfigure 11(a}{b) shows the comparisons of the
centerline mean and r.m.s. axial velocities between grid | and Il. It can be seen that the transition from laminar
to turbulence occurs a little earlier at the finer grid resolution (Il) and that some discrepancies occur close to
the exit between these two resolutions. However, both cases show a similar trend and, in general, the statistical
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Figure 10. Axial distributions of the ratio of the turbulent heat flux to total heat flux.
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Figure 11. Comparisons of the centerline (a) mean and (b) r.m.s. axial velocity between coarse and fine resolutions.

guantities are in reasonable agreement with each other beyond the end of potential core except close to the end
of the domain for grid 1l which is probably slightly affected by the outflow boundary condition. Therefore, it

is sufficient to use grid | to obtain the statistical results in the self-similar region. On the other hand, to capture
the plume-like behaviour in the far-field rather than the near-field plume dynamics is of our major interest in
the present forced buoyant jet.

4.3. Self-similarity

The tendency for a plume to become self-similar some distance downstream of a plume means that the
turbulent flow depends only on the initial momentum flux and initial weight deficit and that the overall
properties at all vertical heights above the plume base obey the same rules (e.g. Gaussian profile) over a wide
range of scales. The relationship of the dependent and independent variables can be obtained by dimensional
analysis, see, for instance, Tennekes and Lumley [10] who deduced similarity solutions of axisymmetric
plumes. There exist unknown empirical constants in the self-similar Gaussian profiles which need to be
confirmed by experiments and George et al. [11] obtained such self-preserving profiles as follows:

U T—T,
— = —55-2/x? q - —65-2/x2). 15
U, exp( /x%), T T exp( /x%) (15)

These imply a slightly greater spread of momentum relative to buoyancy.

If self-similarity is achieved in a plume, same shapes should be maintained at different downstream locations
for the radial profiles of mean velocity, temperature and their fluctuations. The four axial posijans=(
8, 10, 12, 14) are chosen to examine the radial profiles across the plume. The radial profiles of velocity and
temperature from LES results and the experiments of George et al. [11] are shiagumerli2(a)and(b), where
Xo is the origin of jet. Note thato = 0.5D, 1.1D is different for the azimuthal and axisymmetric forcings and
is calculated as the slope of a ploti@f x versuslU? as suggested in the appendix A of George et al. [11]. The
normalized r.m.s. of axial, radial and tangential velocity profiles are plottdigiune 13 It is shown that the
turbulence intensities for the radial and tangential velocity are smaller than that of axial velocity. The peak is
off-axis in the profile of axial velocity fluctuations and it should be noted that there is some asymmetry near
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the plume axis and is caused by insufficient sampling. The radial profiles of turbulent temperature fluctuations
are plotted irfigure 13(d)where it can be seen that the centerline value of temperature (or the scalar) intensity
is about 0.45. This is substantially higher than the 0.20-0.25 for jets and is due to buoyancy intensifying the
turbulence field. This agrees well with the result reported by Papanicolaou and List [20] and Dai [17], but it is

a little higher than the 0.40 reported by George et al. [11]. The self-similarity of the higher-order statistics has
not yet been achieved at 8 diameters and is consistent with the centerline distributions sfiigwreif(a)
Self-similar behaviour can only be achieved at larger distances for turbulence than for mean quantities such as
velocity and temperature.

The radial profiles of the shear stress and vertical turbulent heat flux at the same four positions as mentioned
above are shown ifigure 14 These second moments are plotted in terms of the similarity variables. The
shear stress profiIWFo_mxz/3 has a maximum value close to the value of 0.32 reported by [12] at around
r/(x —xg) = 0.08. Its shape resembles the mean velocity gradient so that the maximum shear stress is located in
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Figure 14. Radial profile of the: (a) turbulent shear stress, and (b) vertical turbulent heat flux, at four axial positions.
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Figure 17. The streamlines of mean velocity field in the plume.

the shear layer between the plume and surrounding air. No shear stress exists on the plume axis and an off-axis
peak is also observed in the correlation coefficient profile. The profile of the transporitEfrfollows the
shape of turbulence intensity of either velocity, or temperature.

In order to investigate the role of the Smagorinsky SGS model, it is necessary to examine the Reynolds
stressesu’v’). Figure 15shows the radial profiles of resolved strass SGS stress-v; (%—[r] + %), molecular
stress—v (%—’r] + %) and the total stress at the axial locationk@g® = 12. It can be seen that the subgrid-scale
stress contributes little to the total shear stress so that the flow field is nearly fully resolved with the present
grid resolution and the lower Reynolds number in the present LES may cause such a relatively small influence
of SGS. The ratio of the average SGS eddy viscositio the molecular viscosity is plotted infigure 16
It is clear that the SGS viscosity is even smaller than the molecular viscosity with the maximum value found
near the centerline. The self-preserving eddy viscosity far from the inlet is smaller than that in the intermediate
region.

4.4. Entrainment

The streamlines of the mean velocity fields are plottefigare 17and show very similar results to that
according to the boundary layer theory by Schlichting [27] and the DNS by Boersma et al. [13]. It can be
seen that the plume draws in ambient fluid through the lateral boundary. This is a result of the so-called
‘entrainment’. Cortesi et al. [28] explained that the entrainment was a direct consequence of the engulfment
of fluid by the coherent, vortical structures after the roll-up and pairing (amalgamations) of the vortex. The
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entrainment or mixing of surrounding fluid into the plume engulfed by the turbulent eddies is key to the
understanding of turbulent plumes.

Normally, the ambient temperature gradient is assumed to be negligible and such an assumption can simplify
plume theory considerably — we will investigate this further. The basic assumption of plume theory based on
the Boussinesq approximation is that the mean entrained flux across the edge of theEp{amteainment
rate) is proportional to the local upward velociy (a function of plume height). The description of the
plume is simplified by taking the cross-sectional average of the mass flux, momentum flux and buoyancy
flux as functions of vertical height to obtain the top-hat variables such as plume radius, vertical velocity and
reduced gravity. Of practical interest is the determination of the entrainment rate on the basis of the assumption
introduced by Morton et al. [29]. An entrainment coefficient is defined as:

E
o= (16)
whereE, W, b are known as the top-hat variables of entrainment rate, local vertical velocity and plume width
and are defined as (Turner [1]):

0.20 T T
—— LES

———- Experimental slope 0.18

0.16

0.12

0.08 r

Plume width b

0.04

0.00

0.0 0.2 0.4 0.6 0.8 1.0
Axial position (m)

Figure 18. Plume width distribution along axial position.

012

0.08

Entrainment ratio

0.04

0.00

0.0 4.0 8.0 12.0
Axial position x/D

Figure 19. Plume entrainment ratio along axial position.



X. Zhou et al. / Eur. J. Mech. B - Fluids 20 (2001) 233-254 251

10.0

—— Azimuthal forcing
80 r  ———. Axisymmetric forcing

Mass flux ratio M/MO

0.0

0.0 4.0 8.0 12.0 16.0
Axial position x/D

Figure 20. Mass flux ratio distribution along axial position.
2 o0
bW = / Urdr,
0

P2W2 = / U?r dr. (17)

0
E:%(/OOOUrdr).

The calculated plume width by the LES with azimuthal forcing, defined by the above equation, is shown in
figure 18 The experimental slope of 0.18 is also plotted in the same graph and, it can be seen, that the agreement
is good.Figure 19shows that the entrainment ratio initially increases rapidly to reach its peak value of about
0.12 at around four diameters and subsequently decreases to a relatively steady value of 0.09. This compares
well with the experimental value of 153/+/2 = 0.108. HereV/2 is used because Shabbir and George [12] used
a different definition (number 2 is included in the entrainmghfrom others (Turner [1]).

Entrainment enhancement can also be shown by considering the mass flux ratio (defined as the ratio of the
mass flux at a fixed axial location over the inflow mass flux). The mass flux across the plume is given by:

M=/ oU2rrdr. (18)
0

Figure 20depicts the distribution of the mass flux ratio along the axial position. In the near field region the
mass flux is increasing slowly because it lies in the laminar potential region whilst, after around 4 diameters, the
mass flux then increases rapidly due to the strong turbulent mixing and entrairfigemne. 20also shows that

the thermal plume grows linearly and the azimuthal forcing leads to a larger entrainment than the axisymmetric
mode.

4.5. Budget analysis

By plotting terms in the energy budget, it can clearly be seen how each term varies in relation to others and is
useful in identifying dominant physical processes. The resolved governing equations for the mean axial velocity

and energy (in terms of temperature differenad, = T — T,) in cylindrical coordinates for the axisymmetric
case (after neglecting viscous diffusion) are as follows:
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The radial profile of the balance of axial mean momentum at the axial locatieri/of= 12 in the self-
similar plume-like region, is shown iiigure 21(a) where it can be seen that the vertical convection, buoyancy
force and radial turbulent transport are the dominating terms in the budget. The vertical turbulent transport is
negligible compared to the radial one because turbulent mixing mainly occurs in the radial direction through
entrainment by the vortex mechanism. It can also be seen that the radial convection term is smaller than the
vertical convection and that the radial turbulent transport nearly balances the streamwise convection and the
buoyancy force in the axial momentum equation. The pressure gradient along the streamwise direction is also
negligible and is much smaller than the radial pressure gradient (which is not shown here).

The radial distributions of the balance of mean energy/#@ = 12 are plotted irigure 21(b) It can be seen
that the radial convection term is rather small compared to the vertical convection term and is due to the fact
that the streamwise velocity dominates the flow field and convects energy downstream. The vertical convection
term nearly balances the radial transport in the energy equation and the buoyancy implicitly influences the heat
transfer through the vertical convective term. The maximum magnitude of the radial transport term is about 50
and is very close to the experimental value reported by Shabbir and George [12].

Comparing the above two figures, one can see that the radial turbulent transport is one of the dominating
terms in both mean momentum and energy equations and is due to turbulent mixing of small eddies by large
scale eddies occurring mainly along the radial direction. It can also be seen that the radial convection is not
so important as the vertical convection and that the convective and turbulent transport terms in the momentum
equation have the same trend as the corresponding ones in the energy equation. It will also be noticed that,
because of numerical, statistical and/or modeling errors the imbalances in these budgets do not fall to zero.
However, these errors are much smaller than the dominant terms in the budgets.
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Figure 21. Balances of the: (a) mean momentum and (b) energy equations.
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5. Summary and conclusions

A forced plume has been simulated using LES at a Reynolds number of 1273 and a density ratio of
about 2.0. The numerical implementation is based on a projection method for low-Mach number weakly
compressible flows and the simulations reproduce the typical spatial development of a turbulent buoyant jet.
Several conclusions have been drawn from the present LES:

(1) As with cold jets, plumes can also have several stages of vortex development such as roll-up and
breakdown. The spreading of the plume is strongly affected by instability modes and the helical mode can
lead to larger spreading and entrainment than the axisymmetric mode. From the instantaneous vorticity field,
one can observe strong turbulent mixing across the centerline by the helical mode of instability. The statistical
results show that the centerline fluctuating velocity components and fluctuating temperature are not small
and are caused by three-dimensional rotational vortex dynamics. The energy-spectrum for the axial velocity
fluctuations shows the-5/3 power law of the Kolmogorov decay, whilst the power spectrum for temperature
shows both-5/3 and—3 power laws in the inertial-convective and inertial-diffusive ranges.

(2) Rather differently to non-buoyant jets, the centerline mean velocity increases in the near-plume-exit
region due to the buoyancy acceleration and subsequently decays by the strong turbulent transport in the forced
plume. The centerline profile of mean velocity (normalizedmyé/z/Fo) demonstrates the transition from
momentum- to buoyancy-dominated flow and the slope within the asymptotic plume-like structure compares
well with the experimental slope of/3. The present LES can accurately capture the changing behaviour from
jet to plume-like in addition to the above mentioned transition from laminar to turbulence.

(3) When comparing different type of forcing at the inlet, it can be found that the LES results by the
azimuthal forcing are in much better agreement with experiment than those with axisymmetric forcing in
terms of the centerline mean velocity distribution, plume spreading, etc. Self-similarity can be achieved some
diameters downstream with respect to the radial profiles of mean velocity and temperature. However, similarity
for higher-order statistics is less apparent than for the first-order mean statistics. The self-similar quantities
of the fluctuations of velocity and temperature and their correlation at the centerline agree well with the
corresponding experimental ones. The strong interactions of turbulence and buoyancy lead to higher r.m.s.
of scalar fluctuations.

(4) The comparisons between the present LES results with azimuthal forcing and the plume theory are
considered to be good. We obtained the distributions of entrainment ratio and the plume width along the
vertical direction according to plume theory. The entrainment ratio is around 0.09 and the plume width is
nearly proportional to the plume height with a slope of about 0.18 and is consistent with experimental values.

(5) In the mean momentum and energy budgets, it is found that the radial turbulent transport is much
larger than axial transport and that the vertical convection is much larger than radial convection. In the axial
momentum equation the radial turbulent transport nearly balances the sum of the streamwise convection and
buoyancy force. Whilst, in the energy equation, the radial turbulent stress is nearly balanced by the streamwise
convection.
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